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a b s t r a c t 

Spatial heterogeneity of adhesion properties is known to result in bridging during debonding of secondary 

bonded composite joints. The ligaments that bridge both substrates have crack-arrest features and thus 

significantly enhance the fracture resistance of joints. We have investigated the effect of randomly dis- 

tributed adhesion properties between the adhesive layer and each composite substrate in previous works; 

however, the spatial correlation of adhesion heterogeneity within or between the substrates and how it 

effects the failure of secondary bonded composites is still poorly understood. In this current work, we 

assume that the spatial heterogeneity of adhesion follows a log-normal distribution. The Napierian loga- 

rithm of interface toughness G c and separating strength S can thus be described by a Gaussian Process. 

We investigate in detail the effect of spatial correlation both within each substrate and between opposite 

substrates. Finally, we predict the crack resistance of such joints with adhesives of different mechanical 

properties. We find that the failure strain of adhesives is important through varying the elongation of 

ligaments and thus the associated extra dissipated energy. This work represents the first critical step for 

designing tougher secondary bonded composite joints by triggering and controlling adhesive ligament 

bridging. 

© 2020 Elsevier Ltd. All rights reserved. 
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. Introduction 

Joining composites, such as fiber reinforced polymers (FRP),

epresents a design and manufacturing challenge. Adhesive sec-

ndary bonding has gained growing attention as a promising al-

ernative to the traditional solutions that use fasteners or rivets

o introduce mechanical interlocking ( Budhe et al., 2017 ). A stan-

ard design of Adhesively Bonded Joints (ABJs) is of a sandwich

ype where two similar or dissimilar substrates (or adherends)

re jointed by a thin adhesive (or adherent) layer. Various frac-

ure modes may occur during debonding of ABJs, such as cohe-

ive failure (within the adhesive), interfacial failure (at the adhe-

ive/substrate interface) and, sometimes, hybrid fracture (a more

omplex combination of the two previous failure modes) ( Tenchev

nd Falzon, 2007; Belnoue and Hallett, 2016; Tao et al., 2019 ). Hy-

rid failure is accompanied by the mechanisms of crack-tip transfer

etween alternating paths ( Akisanya and Fleck, 1992 ). The associ-

ted ligament bridging the two paths ( Tenchev and Falzon, 2007 )

s of interest because it can trap the propagation of the main crack
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nd thus significantly enhance the fracture resistance of secondary

onded composites ( Tao et al., 2019 ). Hybrid failure is closely re-

ated to a variety of properties including change in stress states

 Cao and Evans, 1989; Akisanya, 2006; Saldanha et al., 2013 ) and

eterogeneity in interfacial adhesion ( Tao et al., 2019 ). Heterogene-

ty in adhesion refers to the spatially random distribution of inter-

acial bonding properties, which mainly results from the inherent

orphology and the pre-treatment process of substrates ( Moroni

t al., 2018; Tao et al., 2018 ). The heterogeneous nature of surface

orphology of composite substrates induces ubiquitous and un-

voidable heterogeneous adhesion in the engineering of secondary

onded composites. In the context of FRP ABJs design, the effect of

andom distribution of adhesion properties on joints’ performance

hould thus be emphasized. 

This work is driven by two central motivations. First, a detailed

valuation of the random distributions of adhesion properties and

heir effects on FRP ABJs’ debonding behaviors is essential for un-

erstanding the physical failure mechanisms that occur. This will

rovide more accurate numerical predictions of a joint’s failure,

hich in turn can lead to the design of better performing struc-

ures. Second, an in-depth understanding into the mechanisms of

oughening effects due to large-scale ligament bridging may lead

o develop innovative FRP ABJs equipped with crack-arrest features

https://doi.org/10.1016/j.ijsolstr.2020.04.012
http://www.ScienceDirect.com
http://www.elsevier.com/locate/ijsolstr
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through artificially enhancing and controlling the heterogeneity of

adhesion. 

The toughness enhancing mechanisms of crack-arrest/trap and

bridging by tough particles ( Mower and Argon, 1995; Bower and

Ortiz, 1991 ) or fibers ( Kaute et al., 1993; Sørensen and Jacobsen,

1998 ) in the case of two- or multiple-phase heterogeneous mate-

rials, i.e ., composites, have been extensively discussed ( Tan et al.,

2019; Kim et al., 2019; Mohamed et al., 2018; Sun et al., 2018; Naya

et al., 2019 ). More generally, the strength and the fracture tough-

ness of solids exhibiting heterogeneity in material properties have

been discussed and the related stress dislocalization and crack-trap

mechanisms have been investigated analytically and numerically

( Dimas et al., 2016; 2015 ). The heterogeneity in adhesion may in-

duce an analogical effect of crack-arrest produced by triggering lig-

ament bridging. Conventional numerical approaches to model ABJs

generally neglect the local complexity of failure by homogenizing a

joint’s bondline with a single cohesive zone ( Srensen and Jacobsen,

1998; Da Silva and Campilho, 2012; lvarez et al., 2014; Campilho

et al., 2011 ). However, insights into the physical events undergoing

locally during the debonding of ABJs, which cannot be provided by

conventional approaches, are essential for obtaining a fundamen-

tal understanding of the mechanical behaviors of ABJs. Some ef-

forts have been made towards clarifying the effects of flaws and

randomness in bonding properties ( Liner et al., 2019; Meng and

Thouless, 2019; Taleb Ali et al., 2018; Ashcroft et al., 2012; Khokhar

et al., 2009; Motamedi et al., 2014; Heide-Jrgensen and Budzik,

2018 ). The effect of the length scale of heterogeneity on bonding

has also been discussed ( Kammer et al., 2016; Dalmas et al., 2009;

Chopin et al., 2015 ). Unfortunately, researches dedicated to exca-

vating the local failure mechanisms of interest resulting from ad-

hesion heterogeneity, i.e ., crack-tip transfer and ligament bridging,

and the consequent arrest effects on the crack propagation of ABJs,

are still very rare. Sills and Thouless (2015) considered strength

discrepancy of interface in parallel cohesive zones and mimicked

the phenomenon that the crack jumped from its original interface

to the secondary interface with appropriate discrepancy subjected

to a specific cohesive-length scale. They suggested that large-scale

ligament bridging is a promising mechanism to be explored for

toughening joints or materials. Botsis and coworkers Canal et al.

(2016, 2017) developed a multi-scale based cohesive zone model in

which the micromechanic fiber bridging in FRP laminates is char-

acterized by a local heterogeneous embedded region (or core) to

describe discrete arrangement of fibers. The authors’ previous pa-

per ( Li et al., 2020 ) proposed a modeling strategy through two par-

allel cohesive zones with spatially stochastic interfacial properties

to discriminate the failure within the sandwich configuration of

ABJs. We applied this strategy to investigate the effect of variability

in interfacial properties on the bonding performance of FRP ABJs

( Li et al., 2020 ). The analysis of the quantitative data demonstrated

that the spatially stochastic properties of adhesion significantly in-

fluence the debonding behaviors of FRP joints by triggering the

mechanisms of crack-tip transfer and ligament bridging. The ex-

trinsic dissipation contributed from the extra debonding surfaces

and the plastic-damage of adhesives. 

As mentioned above, adhesion shows randomness mainly due

to the non-uniform morphology of adherend surfaces. A change

in randomness/correlation of the heterogeneity may lead to vari-

ous bonding behaviors of FRP ABJs. Regarding the modeling strat-

egy that we proposed previously, the properties of adhesion at dif-

ferent locations along an interface between substrate and adhe-

sives were regarded to be independent variables and were gener-

ated randomly based on specific probability distributions (in our

case, log-normal distribution) without any spatial correlation. Thus,

the joints spatially possessed discrete adhesion properties oscil-

lating around the bonding baseline. A similar scheme to imple-

ment stochastic interfacial properties can be found in the work of
u et al. (2014) . Due to the non-uniformity attributed to multiple

actors, e.g ., the spatial variations in the pretreatment quality, the

nterfacial properties should realistically distribute in a random but

patially correlated manner, rather than a non-correlated discrete

ariation as in the previous model. With uncorrelated stochastic

nterfacial properties, a numerical model may misestimate the oc-

urrence of ligament bridging and the overall crack resistance of

oints. A motivation of the present work is thus to improve the

omputational strategy by enabling a globally continuous and cor-

elated variation of interfacial properties in space. We will then

nvestigate the statistic effects of length scale in the spatial cor-

elation of a stochastic interface and the correlation between two

ubstrates on the structural response using the proposed model.

e will vary the mechanical properties of adhesives and then pre-

ict the toughness of joints, to identify the important engineering

arameters for toughening the FRP ABJs in the context of adhesion

eterogeneity. 

This work provides us with a better understanding of the

tochastic bonding properties of FRP ABJs and points the way for

esigners to develop innovative FRP ABJs by artificially embedding

dhesion heterogeneity and thus controlling the ligament bridging

echanisms. 

. A modeling strategy with stochastic interfacial properties 

sing Gaussian process 

.1. The description of stochastic interfacial properties 

We describe here how we introduce the spatial correlation in

he adhesion properties of the adhesive/substrate interface. 

As discussed in Li et al. (2020) , a Gaussian process is suit-

ble for describing the joint probability of the Napierian logarithm

f the strength S and the toughness G c of local adhesion. Dimas

t al. employed Gaussian Process to conduct the modeling of an

lastic solid with a heterogeneous Young ́s modulus ( Dimas et al.,

014 ), and demonstrated the toughening mechanisms resulting

rom crack-arrest and stress delocalization. In a Gaussian Process,

ny subset including points indexed by time or space of interests

 is regarded to be a random vector x = [ x 1 , . . . , x n ] ∈ X which fol-

ows a multivariate normal distribution. Suppose we have an n di-

ensional Gaussian distribution x 1 , . . . , x n . The probability density

istribution for multivariate Gaussian distribution is expressed as

 Ahrendt, 2005 ): 

f X ( x 1 , . . . , x n ) = 

exp 

(
− 1 

2 
(x − μ) T �−1 (x − μ) 

)
√ 

(2 π) n | �| (1)

here μ is the n -dimensional mean vector for the multivariate

tochastic distribution. | �| ≡ det � is the determinant of the n × n

ymmetrix covariance matrix �. 

The schematic on Fig. 1 represents a general interface whose

roperties follow a Gaussian Process. The dots stand for the in-

egration points of cohesive elements as a subset indexed by

heir spatial coordinates. In this Gaussian Process, the subset

omposed by the dots is the spatial supporter to draw sam-

les of n -dimensional multivariable Gaussian distribution. Follow-

ng Li et al. (2020) , in the context of adhesion, this Gaussian pro-

ess holds for the Napierian logarithm of the strength S and the

oughness G c . We then have for the properties along the interface

t any coordinate x i : 

( ln (S) i , ln ( G c ) i ) ∼ N 

(
ρ, μln (S) , σln (S) , μln ( G c ) , σln ( G c ) 

)
(2)

n which ρ is the Pearson product-moment correlation coefficient

f ln( S ) and ln( G c ), μln( S ) and σ ln(S) are the mean and variance

f ln( S ) respectively, μln(S) and σln (G c ) the mean and variance of

n( G c ), respectively. We recall that the mean and variance of log-

rithm of any variable a following log-normal distribution can be
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Fig. 1. Schematic of an interface with stochastic properties described by Gaussian Process. 
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Fig. 2. Visualization of the exponential kernel k ( x 1 , 8) in the range of x 1 ∈ (0, 16). 
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alculated by: 

ln (a ) = ln 

⎛ 

⎝ 

μa √ 

1 + 

σ 2 
a 

μ2 
a 

⎞ 

⎠ , σ 2 
ln (a ) = ln 

(
1 + 

σ 2 
a 

μ2 
a 

)
(3) 

Under a finite number of sampling spatial points as shown in

ig. 1 , the corresponding adhesion properties for the sample along

he interface following Gaussian Process have distribution: [
ln (S ) 

ln ( G c ) 

]

∼ N 

([
μln (S ) 

μln ( G c ) 

]
, 

[
�

(
x ln (S ) , x 

′ 
ln (S ) 

)
�

(
x ln (S ) , x 

′ 
ln ( G c ) 

)
�

(
x ln ( G c ) , x 

′ 
ln (S ) 

)
�

(
x ln ( G c ) , x 

′ 
ln (G c ) 

)])
(4) 

n which 

S = [ S ( x 1 ) , . . . , S ( x n ) ] 
T 

G c = [ G c ( x 1 ) , . . . , G c ( x n ) ] 
T (5) 

nd 

μln (S) = 

[
μln (S) ( x 1 ) , . . . , μln (S) ( x n ) 

]T 

μln ( G c ) 
= 

[
μln ( G c ) ( x 1 ) , . . . , μln ( G c ) ( x n ) 

]T (6) 

he sub-matrices of the covariance matrix are defined as: (
x ln (S ) , x 

′ 
ln (S ) 

)
= σ 2 

ln (S ) 
K (

x ln (G c ) , x 

′ 
ln (G c ) 

)
= σ 2 

ln (G c ) 
K (

x ln (S ) , x 

′ 
ln (G c ) 

)
= �

(
x ln (G c ) , x 

′ 
ln (S ) 

)
= ρσln (S ) σln (G c ) K 

(7) 

n which the matrix K is the kernel matrix which is generated via

 kernel function k , a characteristic of the Gaussian Process: 

 = 

⎡ 

⎣ 

k ( x 1 , x 1 ) · · · k ( x 1 , x n ) 
. . . 

. . . 
. . . 

k ( x n , x 1 ) · · · k ( x n , x n ) 

⎤ 

⎦ (8) 

he widely used exponential kernel is deployed here as it has the

otential to adequately describe correlations in properties due to

orrelation in geometrical features such as roughness: 

 

(
x i , x j 

)
= exp 

{ 

−
( ∣∣x i − x j 

∣∣
r 

) α} 

(9) 

Using α = 1, r = 0.5 and x 2 = 8, the exponential kernel k ( x 1 ,

 2 ) is visualized in Fig. 2 , which equals 1 when x 1 = x 2 (highest

o-variance) and tends to be 0 as its arguments drift apart (uncor-

elated). 

Because for a general secondary bonded joint, the morphol-

gy and the pre-treatment for the surfaces of the two facing sub-

trates are a priori not related, we assume that the two interfaces

f the bondline follow two uncorrelated Gaussian Processes, but

ith similar characteristic parameters, as processing is usually per-

ormed in the same way on both surfaces. 
.2. The finite element (FE) model and Monte Carlo simulation 

We used the same FE model of the FRP Double Cantilever Beam

DCB) as in Li et al. (2020) . The configuration and boundary con-

itions of the DCB are shown in Fig. 3 . Each substrate is unidirec-

ional with a thickness of 2 mm. The bondline thickness is fixed

s 0.15 mm. The two interfaces, with nearly zero thickness, follow

wo independent Gaussian Processes. 

Concerning the substrates, the material was modeled as linear

lastic orthotropic and the material of the adhesive was modeled

s coupled elasto-plastic with damage. The properties are summa-

ized in Tables 1 and 2 . 

Concerning the modeling of the interfaces, we first need to elu-

idate the correlation between S and G c . To do so, we carried out

xperiments of single lap joints subjected to three points bending

hose failure is governed by S , and DCB whose failure is governed

y G c . Two groups of specimen, the substrates of which were pre-

reated by laser with two different pulse fluences to access differ-

nt morphologies, named as L1 and L2, were tested. S could obvi-

usly not be measured directly but was numerically estimated by

alibrating simulations of the single lap joints with respect to the

xperimental results. Fig. 4 shows the results, which clearly indi-

ate a negative correlation between S and G c . Therefore, the corre-

ation coefficient ρ was kept to be −1 when generating the hetero-

eneous adhesion. The expected values of S and G c were set as the

verage of those of the ABJs pretreated with L1 and L2, which were

S = 21.5 Mpa and μG c = 0.24 KJ/m 

2 with a standard deviation of

.5 and 0.04, respectively. The effects of deviation and correlation

oefficient ρ on macroscopic crack resistance of ABJs were clarified

n the last paper ( Li et al., 2020 ). 
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Fig. 3. The configuration and boundary conditions of the modeled DCB. (For interpretation of the references to color in this figure legend, the reader is referred to the web 

version of this article.) 

Table 1 

The material properties of the elastic substrates. 

Carbon/Epoxy lamina (M21/T700) 

E 11 (MPa) E 22 (MPa) E 33 (MPa) ν12 = ν13 = ν23 G 12 = G 13 = G 23 (MPa) 

125000 7800 7800 0.33 5100 

Table 2 

The materials properties of adhesives used in numerical model. 

Epoxy adhesive (Araldite®420) ( Haider et al., 2011; De Moura et al., 2006 ) 

E (MPa) ν σ e (MPa) σ u (Mpa) εu G f (KJ/m 

2 ) 

1500 0.33 27 37 3.4% 0.022 

Fig. 4. The experimentally measured S and G c of composite joints whose substrates 

were pre-treated by laser ablations with different laser fluences, L1 and L2. (For 

interpretation of the references to color in this figure legend, the reader is referred 

to the web version of this article.). 
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Considering the success to model the plasticity of epoxy ( Yang

et al., 2004; Cooper et al., 2012 ) and ease to use, the classi-

cal J2 flow theory of plasticity with linear isotropic hardening

( de Souza Neto et al., 2011 ) was employed to characterize the

elastoplastic constitutive behavior of epoxy adhesives. In the im-

plementation, backward Euler algorithm is employed to complete

the time integration of the plastic strain for each pseudo time in-

crement. The ductile criterion ( Hillerborg et al., 1976 ) was used to
redict the onset of damage in adhesives. The equivalent plastic

train at the onset of damage is normally a function of stress triax-

ality and strain rate. To simplify the question, herein the damage

f adhesives was assumed to be rate independent and triaxiality

ndependent. We assumed the effective response of the adhesive

s perfectly plastic beyond the onset of damage, and we employed

he linear damage evolution equation to characterize the softening

rocess. Then, the state variable to describe material degradation

ncreases monotonically and linearly with plastic deformation. 

To achieve reliable statistical analysis, we conducted Monte

arlo simulation. A set of characteristic parameters of the stochas-

ic heterogeneity can be applied to generate extensive groups of

ealizations of parallel interfaces, each of which is used to model

 sample of ABJs subjected to the corresponding stochastic proper-

ies. Predictions of all the samples constitute a Monte Carlo sim-

lation of the set. The FE models were run with ABAQUS V6.17

n a workstation with 16 Intel Xeon(R) W-2145 CPUs @ 3.7 GHz.

ig. 5 presents the evolution of the mean number of the formed

igaments and the mean toughness (macroscopic toughness) with

he increase of sample number (50 samples were drawn and run

or the Monte Carlo simulation). The correlation length r was set

t 5 mm in this Monte Carlo simulation. It is clear that after 30

uns in this Monte Carlo simulation, predictions were reasonably

chieving statistical convergence. To achieve a reliable prediction

ith relatively low computational burden, we ran 50 samples for

ach Monte Carlo analysis of correlation length in the following in-

estigation. 

. Effect of correlation characteristics on the macroscopic joint 

erformance 

.1. Effect of correlation within substrates 

We first study the effect of having spatial correlation in ad-

esion properties within each substrate. Such correlation can be

 natural consequence of the pretreatment technique that usually

ntroduces a length-scale and thus a correlated morphology. How-

ver, no correlation is assumed at this stage between the two op-

osite substrates of the joint. Fig. 6 shows the typical spatial dis-
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Fig. 5. The variation of the statistical results with the increase sampling of Monte 

Carlo simulation. 
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ributions of S along the two parallel interfaces subjected to the

ifferent length scales of correlation that we evaluated. The pat-

ern of the distribution in Fig. 6 is similar with the surface pro-

les of composite substrates measured by Tao et al. (2018) , which

omehow confirms the applicability of the exponential kernel to

escribe the spatial correlation of adhesion heterogeneity. It can be

een from Fig. 6 that with the increase of r , the wave length of the
Fig. 6. The spatial distributions of interfacial strength S realized through the
uctuation tends to increase. Physically, a larger correlation length

eans that the morphology of the surface is changing smoothly in

pace. 

Fig. 7 presents the statistical outcomes of the macroscopic

oughness and the number of ligaments formed during debonding

f the joints subjected to different spatial correlations correspond-

ng to the length scales shown in Fig. 6 . Compliance calibration

 Berry, 1963 ) was used to perform the data reduction. The propa-

ation of crack advances from 	a = 0 mm to 	a = 55 mm was

onsidered when calculating the macroscopic toughness. A clear

ositive relationship between the number of ligaments and the

acroscopic toughness is indicated. Under relatively low spatial

orrelation (with smaller r ), the random heterogeneity of interfa-

ial adhesion can significantly promote the occurrence of crack-tip

ransfer, adding more crack-arrest features, in terms of large-scale

igament bridging, into the system and enabling the joint to be

ougher. 

Moroni et al. (2018) showed that the joints, whose substrates

ere pre-treated with the same technique (laser ablation) with

ifferent treatment parameters, i.e ., laser energy density, produced

iverse failure modes and demonstrated different toughness. Our

tudy provides possible explanation for these observations. Indeed,

ifferent laser treatments can result in different surface morpholo-

ies and correlation in adhesion properties. Our simulations show

n overall increasing trend with the decrease of r . Only the pre-

iction of the joints subjected to r → 0 mm is lower than that

rom the joints subjected to r = 0.5 mm, which is with the most

ignificant enhancement in macroscopic toughness exceeding the

aseline value by about 54.6%. 
 proposed algorithm subjected to different spatial correlation length r. 
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Fig. 7. The effects of the spatial correlation length of the adhesion’s heterogeneity on the debonding performance of ABJs. 
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In what follows, we analyze two limiting cases. Theoretically,

infinitesimal r results in globally homogeneous adhesion. We ex-

pect the system to behave homogeneously and demonstrate iden-

tical performance with the baseline joint. However, the discrete

nature of the finite element model, depending on mesh size, in-

duces a lower limit to the effective r that the model can char-

acterize, and thus the case of r → 0 in the present study is

not physically infinitesimal. The corresponding joints are still with

adhesion heterogeneity and thus establish considerable ligament

bridging (see Fig. 7 a) but with a reduction of the effectiveness

of crack trapping by about 9.7% compared to the r = 0.5 mm

case. Consequently, an upper bound of the toughness of ABJs was

erected with decreasing r (see the case of r = 0.5 for exam-

ple), which explains why the macroscopic toughness of the joints

subjected to r → 0, obtained from Monte Carlo simulation, is

smaller than that of the joints subjected to r = 0.5 mm but

higher than the baseline. Based on the observations from Fig. 7 , we

can reasonably suppose that the toughness of joints may achieve

a maximum with an appropriate correlation length of the ad-

hesion’s heterogeneity. This critical length may depend on mul-

tiple factors, such as heterogeneity characteristics and bondline

thickness. 

Provided the correlation length becomes very large in the limit,

the parallel interfaces constituting the bondline of finite length

then have nearly uniform but random properties. No ligament will

be formed for such joints and thus the macroscopic toughness will

be contributed from pure interfacial fracture, as revealed by the

joint subjected to r = 80 mm. Notably, the observed toughness in

the case of r = 80 mm is higher than the expected value (base-

line) of interface properties, which is counterintuitive. This is be-

cause S is a more important parameter for crack nucleation and

crack-tip transfer. In the scenario of pure interfacial failure, crack

tends to nucleate and propagate at the interface with lower S . Un-

der negative correlation between S and G c , the interface with low

S always possesses higher G c compared to the parallel interface.

The macroscopic toughness should be the average toughness of the

debonded interface. Statistically, this value tends to be higher than

the baseline. A theoretical interpretation can be found in Appendix

A. The above analysis regarding the two limiting cases is consistent

with the discussions in the work of Dimas et al. (2014) focusing on

the influence of heterogeneity of Young’s modulus and strength on

general solids. The reality is somewhere between these two ideal
cases. b  
.2. Effect of correlation between substrates 

The ability of correlation in adhesion properties to largely mod-

fied the toughening effect resulting from bridging paves the way

or new design strategies in which the correlation between sub-

trates is artificially controlled to optimize the bridging effect. The

rotocol of design can be a bondline with periodical fluctuation,

.g . trigonometric waviness, in adhesion properties. The anticipated

rack resistance may benefit from the periodically occurred liga-

ent bridging mechanisms. 

As a first step, we explore the effect of the correlation of the

roperties between the opposite substrates. In the case of trigono-

etric waviness, the phase difference of alignment, 	φ, is the

ain parameter that characterizes the correlation between the two

ubstrates. Herein, the period of the fluctuation was 4 mm. To en-

ure the practical feasibility of the protocol, we used the measured

onding properties of L 1 and L 2 as the upper and lower bounds of

he properties, and the amplitude of fluctuation is thus the differ-

nce between them. In the simulations, we varied 	φ from 0 to

. The generated fluctuated adhesion (only the fluctuation within

wo periods is present) is as shown in Fig. 8 , where negative corre-

ation between S and G c was kept. In engineering practice, we can

chieve the fluctuating adhesion by smoothly changing the pulse

uence of laser ablation with the moving of laser beam. 

Fig. 9 presents the predicted load P vs . crack opening δ curves

nd R -curves. The presence of the fluctuation in adhesion within

he process zone is manifested by the undulations in the P − δ
esponses as well as the R -curve behaviors of joints. 

In the cases of 	φ = 0, 0.125 π and 0.25 π , no crack-tip transfer

ccurred. For such joints, the undulations in the P − δ responses

nd the R -curve behaviors are purely attributed to the fluctuated

nterface properties. Thus, at the macroscopic level, the R -curve be-

aviors are similar (but not perfectly matching) to the input, i.e .,

he sinusoidal waviness of toughness. The theoretical interpreta-

ion of why the R -curve behaviors are not in an excellent match

ith the input is presented in Appendix B. 

With the increase of 	φ, the maximum discrepancy of adhe-

ion properties at the corresponding coordinates between the par-

llel cohesive zones is also increasing, as indicated by the curve

n Fig. 10 a. To alternate the crack path, the maximum discrep-

ncy of adhesion properties must reach the critical condition. In

hese cases, the joints experience a process of establishing a sta-

le R -curve behavior. Initially, the toughness of joints equals the
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Fig. 8. The generated interfacial strength S with fluctuations subjected to different phase difference 	φ of alignment. The round dot signifies the top interface and the 

square dot the bottom interface. 

Fig. 9. The P − δ curves and the R -curves obtained from the ABJs with fluctuated adhesion. 
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nterfacial toughness of the weaker adhesion, but it gradually in-

reases with increasing crack lengths before the full establishment

f large-scale ligament bridging at around 	a = 8 mm. Afterwards,

ts progression is hindered by crack-arrest mechanisms whose pe-

iod is the same with that of the input fluctuation. The R -curves

eep oscillating around a plateau value that is about 93% higher

han the baseline value and are insensitive to the change in the

lignment phase of the adhesion fluctuation. The overall trend of

 -curve behaviors obtained from such joints is quite similar to the

bservations in delamination of FRP laminate with fiber bridging

 Pappas and Botsis, 2020 ). Once 	φ is qualified to periodically

rigger the crack-tip transfer and the subsequent bridging, there
s no significant difference in the effectiveness of crack-arrest. This

onclusion favors the application of the proposed protocol, because

t will facilitate the operation of joining. There is no need to strictly

atch the adherend surfaces to find the optimum alignment phase

s long as it is guaranteed that 	φ between the substrates is

ithin the range that the crack-tip transfer can be triggered. 

We also performed simulations for the FRP ABJs with adhesives

hickness of t = 0.12 and t = 0.18 mm to verify the bondline thick-

ess effect. As shown in Fig. 10 a, for all 	φ under consideration,

he minimum 	φ qualified to trigger bridging increases with in-

reasing bondline thickness. The minimum qualified discrepancy of

dhesion properties changes with an increase in t , which is the es-
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Fig. 10. (a) The curve of maximum contrast of S with the change of 	φ, and the minimum 	φ qualified to trigger ligament bridging for different bondline thicknesses, 

listed in the table on the bottom of figure; (b) The comparison of R -curve behaviors of the ABJs with adhesive of different bondline thicknesses, and the plateau values listed 

in the table on the bottom of figure. ( 	φ = π ). 

Fig. 11. Typical debonding process of a joint with the adhesion of fluctuated heterogeneity (The variation of the strength contrasts along the interfaces is superimposed). 
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sential origin of the bondline thickness effect. From the R -curve

behaviors shown in Fig. 10 b, the plateau value of R -curve (macro-

scopic toughness) exhibits an increasing trend with the increasing

bondline thickness. Therefore, under the condition that ligament

bridging can be triggered, a thicker adhesive layer may provide

more significant enhancement in macroscopic toughness. 

Fig. 11 presents a complete establishment of large-scale bridg-

ing in a joint with the presence of the adhesion heterogeneity

qualified to trigger crack-tip transfer ( 	φ = 0.5 π ). The strength

contrast between the parallel interfaces ( S top − S bottom 

) as a func-

tion of the spatial coordinate along the interface is superimposed

on the segment of crack propagation. We can see that in stage 1,

the debonding is a pure interfacial fracture, and then the crack ad-

vance stops in its original interface and a new crack nucleates in

the secondary interface in stage 2. The location of the crack-tip

transfer is around the turning points where the maximum con-

trasts of the adhesion properties of the top interface and bottom

interface are. Thus, the crack-tip transfer altering crack path oc-

curs, subsequently, in stage 3 the adhesive ligament behaves as a

beam to bridge the adherends and suppresses the crack, and the

so-called crack-arrest features take effect on the overall behavior of

the joint. Multiple ligaments have been formed in the same time-
rame as shown in Fig. 11 (c), approaching a steady state with a

ully developed bridging zone, as shown in Fig. 11 (d). Once the ac-

umulation of plastic strain reaches the critical threshold of ma-

erials, the ligament is damaged as shown in Fig. 11 (d). We can

learly observe that extensive plastic deformation has developed

ithin adhesives. 

. The performance of FRP ABJs with different adhesives 

Liao et al. (2013) found that the fracture toughness of ABJs

hanges with the adhesive thickness but demonstrates an opposite

rend for different types of adhesive, i.e ., ductile and brittle. The

echanical properties of adhesives may also vary the failure be-

aviors of ABJs subjected to Mode II ( da Silva et al., 2010; da Silva

nd Lopes, 2009 ). It has been suggested that this difference can be

xplained by the plasticity of the adhesive layer. In the presence of

igament bridging, adhesive plasticity may contribute more to the

verall toughness of joints in terms of ligament elongation. Herein,

he model with 	φ = 0.5 π was employed to investigate the role of

he plasticity related properties of adhesives in the failure of ABJs

ubjected to spatially heterogeneous adhesion. 
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Fig. 12. The applied constitutive models to test the effects of adhesives’ properties 

on the performance of ABJs. 
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Taking the property parameters presented in Table 2 as a refer-

nce, four constitutive models were used to evaluate the effect of

dhesives’ properties on the crack-tip transfer and ligament bridg-

ng, and thus to clarify the associated crack-arrest and toughening

echanisms. The constitutive models of adhesives are as shown in

ig. 12 . For PE1 and PE2, we kept the initial yielding strength σ y 

nd ultimate strength σ u of adhesives constant to remove the in-

uence of these properties, and we changed the failure strain εu 

s 4.4% and 6.4%. For PU1 and PU2, σ y and εu were kept constant

s listed in Table 2 , and σ u was varied to 32 Mpa and 44 Mpa. The

racture energy for all five constitutive models were kept constant

s G f = 0.22 KJ/m 

2 . 

The R -curves of the joints with different adhesives are shown

n Fig. 13 , in which the macroscopic toughness was calculated by

ntegrating the area under the R -curve ranging from 	a = 15 mm

o 	a = 24 mm. Fig. 13 a confirms that the crack resistance of the

oints increased in the presence of ligament bridging when εu of

he adhesives increased. With higher εu , the ligaments become

ore stretchable and the bridging length of ligament tend to in-

rease. High elongation and high toughness of the adhesive gave

ise to extra debonding surfaces by delaying the fracture of liga-

ents and more plasticity accumulation within ligaments during
Fig. 13. The R -curves obtained from the joints whose adhesives are w
arge scale bridging. These are the main reasons why the joints

how relatively higher macroscopic crack resistance. An increase of

u from 3.4% to 6.4% resulted in an increase in the effectiveness of

rack trapping by about 9.3%. We can reasonably expect that with

he increase of εu , adhesive ligaments can keep their integrity un-

il full debonding of the joint, which may dramatically improve the

rea of the extra debonding surface and thus the associated dissi-

ation. Based on the above discussions, it will be promising to de-

elop adhesives with high failure strain, εu , without compromising

ts adhesion with substrates. Thus, in the presence of proper bond-

ng variability, the crack-arrest features of the system can be devel-

ped fully and substantial improvement in ABJs’ crack resistance

an be achieved. The R -curves in Fig. 13 b show little difference in

he crack resistance for the three joints (nearly overlapped). This

ndicates that the ultimate strength, σ u , has less effect and that

igament bridging is not very sensitive to this parameter. 

Certainly, all the discussions are conditional depending on a sit-

ation where the failure mode of ABJs is dominated by interfacial

ailure. In the case that the σ u is smaller than a threshold, pure

ohesive failure, rather than interfacial failure, will preferentially

appen. In such a scenario, the proposed modeling strategy will

ncounter challenges of computational convergence. 

. Conclusions and closing remarks 

Through modeling the spatial heterogeneity of adhesion with a

aussian Process, this work improves previously proposed model-

ng strategies to capture local failure events of secondary bonded

omposites. We introduced the spatial correlation of adhesion het-

rogeneity to analyze the effect of spatial heterogeneity and the

ssential length scales on the bonding toughness enhancement. We

aried the correlation length of a Gaussian Process, thereby obtain-

ng joints with continually distributed log-normal G c and S , with

hich, the variability of interfacial properties can be characterized

n a realistic way, as well as the induced complex debonding mech-

nisms. Generally, the FRP ABJs can be toughened by the variability

f interfacial properties through the participation of extrinsic dis-

ipation during fracture process. Through Monte Carlo simulations,

e found that the length scale of spatial correlation has significant

ffects on the toughening effectiveness. Lower spatial correlation

ay increase the occurrence of bridging during debonding and the

oints demonstrates higher macroscopic toughness. 

A joint with periodical fluctuations in adhesion properties was

odeled to investigate the effects of the correlation between two
ith different (a) failure strain εu and (b) ultimate strength σ u . 
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substrates, i.e ., the alignment phase 	φ of the adhesion fluctua-

tion between the opposite interfaces. We demonstrated that a min-

imum phase is needed to periodically trigger the crack-tip trans-

fer and the subsequent bridging, above which there is no signif-

icant difference in the effectiveness of crack-arrest. The toughen-

ing effect of bridging may be enhanced by increasing the bond-

line thickness. Nevertheless, the increase of bondline thickness also

decreases the qualified range of 	φ to trigger bridging. These in-

sights into the fundamentals of the effects of the correlation in ad-

hesion heterogeneity within each substrate and between two sub-

strates could be applied to improve the design of ABJs with more

crack resistance, and improve the design features that enhance ma-

terial performance. 

To identify the importance of the mechanical properties of ad-

hesives, we performed a parametric study. The adhesives’ ultimate

strengths (over the range of 32 to 44 MPa) were found to have

minimal influence on the macroscopic toughness of joints. An in-

crease in εu from 3.4% to 6.4% resulted in an increase in the effec-

tiveness of crack trapping by about 9.3%. Results from the joints

bonded by adhesives with different mechanical properties high-

lighted the importance of adhesives’ ductility in the fracture re-

sistance of ABJs when hybrid failure occurs. These results provide

designers with a potential path to exploit the toughening mech-

anisms by artificially enhancing and controlling the heterogeneity

of adhesive bonding, which is expected to produce tougher ABJs

without changing the adhesive materials. 

Declaration of Competing Interest 

The authors declare that they do not have any financial or non-

financial conflict of interests 

Acknowledgement 

The research reported in this publication was supported by

funding from King Abdullah University of Science and Technology

( KAUST ) Office of Sponsored Research (OSR) under award number

OSR-2017-CRG6-3388.01 . 

Appendix A 

The mean of the toughness for the two interfaces in the bond-

line, denoted as G 

i 
c ( i = 1, 2) can be regarded as two variables fol-

lowing log-normal distribution, and are independent of each other.
Fig. B.14. The P − δ curves and the R -curves obtain
he probability density function for G 

i 
c ( i = 1, 2) can be expressed

s: 

f 
(
G 

i 
c 

)
= 

1 

G 

i 
c 

√ 

2 πσ 2 
ln ( G c ) 

exp 

( 

−
(
ln G 

i 
c − μln ( G c ) 

)2 

2 σ 2 
ln ( G c ) 

) 

, G 

i 
c ∈ (0 , + ∞ ) 

(A.1)

hus, the joint PDF of ( G 

1 
c , G 

2 
c ) can be expressed as f (G 

1 
c ) f (G 

2 
c ).

rovided bridging does not occur during debonding, the crack

ropagates along the interface with low S and high G c , two prop-

rties which have a negative correlation. Thus the macroscopic

oughness of the joint is max( G 

i 
c ), and the expected value of the

oint’s toughness can be calculated with the following integra-

ion: 

 

e 
c = 

∫ ∫ 
G 1 c � G 2 c 

G 

1 
c f 

(
G 

1 
c 

)
f 
(
G 

2 
c 

)
d G 

1 
c d G 

2 
c + 

∫ ∫ 
G 1 c <G 2 c 

G 

2 
c f 

(
G 

1 
c 

)
f 
(
G 

2 
c 

)
d G 

1 
c d G 

2 
c 

= 

∫ + ∞ 

0 

(∫ ∞ 

G 2 c 

G 

1 
c f 

(
G 

1 
c 

)
dG 

1 
c 

)
f 
(
G 

2 
c 

)
dG 

2 
c 

+ 

∫ + ∞ 

0 

(∫ ∞ 

G 1 c 

G 

2 
c f 

(
G 

2 
c 

)
dG 

2 
c 

)
f 
(
G 

1 
c 

)
dG 

1 
c (A.2)

ubstituting the characteristic parameters of the stochastic distri-

ution into the above integration, we can theoretically obtain the

acroscopic toughness of ABJ with large spatial correlation, which

s 0.2624 KJ/m 

2 , and agrees well with that of the joint subjected to

 = 80 mm, 0.2598 KJ/m 

2 , obtained via Monte Carlo simulation. 

ppendix B 

In general, a non-uniform interface may result in load response

xhibiting snap-down ( Heide-Jrgensen and Budzik, 2018 ) or snap-

ack instability ( Xu et al., 2019 ). Such systems are challenging to

nalyze under either displacement or force-control using the finite

lement method since multiple solutions may exist. Here, we pre-

ented an analytical solution based on linear elastic fracture me-

hanics (LEFM) to explain the mismatch between the observed R -

urve and the fluctuated input toughness data. The results are dis-

ussed within the framework of static analysis. 

We applied the corrected beam theory (CBT), accounting for the

nfluence of the end rotation correction ( Williams, 1989; Yoshihara
ed from the joints with fluctuating adhesion. 

https://doi.org/10.13039/501100004052
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nd Kawamura, 2006 ) to draw the theoretical solution. According

o CBT, the crack opening of DCB specimen is as follows: 

δ = 

2 P ( a + χh ) 
3 

3 E 11 I 
(B.1) 

n which P is the applied force, a the crack length, h the height

f the cantilever beam, E 11 the Young’s modulus along longitudinal

irection and I the second moment of inertial of the DCB arm. χ
s the correcting parameter of crack length calculated by: 

= 

[ 

1 

13 κ

(
E 11 

G 12 

){ 

3 − 2 

(
�

1 + �

)2 
} ] 1 / 2 

(B.2) 

here G 12 is the shear modulus, and κ is the shear stress distribu-

ion constant for correcting the deflection caused by the shearing

orce. Herein, κ is 0.55 determined by fitting the P − δ curve in

he linear regime to the numerical prediction. The coefficient � is

chieved as follows, 

= 

( E 11 E 22 ) 
1 / 2 

κG 12 

(B.3) 

here E 22 is Young’s modulus in the depth direction. Then apply-

ng LEFM, the Mode I energy release rate can be expressed as: 

 cbt (P, a ) = 

P 2 

E 11 Ib 
( a + χh ) 

2 
(B.4) 

r 

 cbt (a, δ) = 

9 E 11 I δ
2 

4 b ( a + χh ) 
4 

(B.5) 

Applying Eqs. (B.4) and (B.5) , we can obtain the analytical so-

utions of the P − δ curve and R -curve as presented in Fig. B.14 ,

hich clearly manifest the unstable crack propagation during the

CB test with fluctuating heterogeneity of adhesion. The P − δ re-

ponse is found to exhibit snap-back instability at which a positive

lope changes to a negative slope, and then snaps back to a certain

alue where it is actually corresponding to the lowest bound of

he input toughness. Afterwards, the crack starts to grow again in

 stable manner. Differently, a snap-down response was observed

n the numerical simulation, where the applied force dropped onto

 smaller value instantaneously after it peaked in one fluctuation,

ttributed to the incapability of capturing snap-back behavior of it-

ration algorithms. Thus, the macroscopic toughness shows a mis-

atch with the analytical R -curve as compared in Fig. B.14 b. 

upplementary material 

Supplementary material associated with this article can be

ound, in the online version, at 10.1016/j.ijsolstr.2020.04.012 . 
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